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Abstract: This paper considers constrained linear dynamic games with quadratic objective
functions, which can be cast as affine variational inequalities. By leveraging the problem
structure, we apply the Douglas-Rachford splitting, which generates a solution algorithm with
linear convergence rate. The fast convergence of the method enables receding-horizon control
architectures. Furthermore, we demonstrate that the associated VI admits a closed-form solution
within a neighborhood of the attractor, thus allowing for a further reduction in computation
time. Finally, we benchmark the proposed method via numerical experiments in an automated
driving application.
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1. INTRODUCTION

Dynamic games provide a formal framework for analyz-
ing multi-agent decision-making processes in dynamical
systems, where the agents’ objectives and constraints are
coupled through both the system dynamics and their per-
formance criteria Başar and Olsder (1999); Haurie et al.
(2012). In such settings, each agent aims to optimize its
own cost function while anticipating the actions of other
agents, leading to strategic interactions that can be cap-
tured via various equilibrium concepts. Dynamic games
are a useful model in robust control Theodor and Shaked
(1996), as well as robotics Wang et al. (2021); Spica et al.
(2020), electricity market control Hall et al. (2022) and
supply chain strategic organization Hall et al. (2024a).
These frameworks enable decentralized decision-making
and the analysis of emergent behaviors in complex, multi-
agent environments.
The desired solution concepts in dynamic games depend
on the information structure assumed for the agents. One
common approach is the open-loop Nash equilibrium (OL-
NE), which defines a trajectory as a sequence of control
inputs that is optimal for each agent, given the initial
state and the input sequences chosen by the other agents
Monti et al. (2024); Sassano and Astolfi (2021). The OL-
NE problem can be cast as Variational Inequality (VI)
Benenati and Grammatico (2025), which can be solved
by a plethora of algorithms Facchinei and Pang (2003).
This is especially relevant given the recent emergence
of game-theoretic receding-horizon controllers Le Cleac’h
et al. (2022); Hall et al. (2024b), which define the control
action at every time-step according to the solution to an

OL-NE problem, thus requiring to complete its computa-
tion within the sampling time of the controller. This is
especially difficult, as the complexity of the derived VI
increases rapidly with the number of agents, the control
horizon and the number of constraints.
In this work, we propose to leverage the affine structure of
the VI resulting from a linear-quadratic game in order to
define a specifically tailored solution algorithm based on
the Douglas-Rachford iteration Eckstein and Ferris (1998).
Let us justify our choice by illustrating the performance of
some state-of-the-art VI solution algorithms, along with a
simulation that highlights the contribution of this paper.
Let us first define the VI problem as follows:

find u∗ ∈ C s.t. inf
u∈C

⟨F (u∗), u− u∗⟩ ≥ 0, (1)

where C ⊆ Rn is a closed, convex set, and F : Rn ⇒ Rn

is a (in general set-valued) operator. We assume that F
is monotone Facchinei and Pang (2003), Lipschitz, and
the solution set of (1) is nonempty. Note that via the
first-order optimality condition, we can rewrite (1) as a
monotone inclusion, 0 ∈ F (u) + NC(u), where NC is the
normal cone of the set C. This equivalence is beneficial and
allows us to use operator splitting methods.
As shown in Section 2, under some technical assumptions,
a solution to a constrained linear-quadratic game can be
found by solving a strongly monotone affine variational
inequality problem with linear constraints, i.e. F = Mu+q
and C : Du ≤ d (where M can be a non-symmetric
matrix). Therefore, efficient numerical methods for solv-
ing affine VIs are essential in dynamic game equilibrium
problems.
Illustrative example. Consider the VI in (1) with C =



Rn and F = Mu, where M = I + S, and S =

(
0 −ω
ω 0

)
.

The classical Forward-Backward (FB) splitting method
generates the sequence

uk+1 = (I − γ(I + S))uk,

whose convergence depends on the spectral radius of
TFB = I − γ(I + S), given by ρFB = 1 − γ(1 ± iω).
In contrast, the spectral radius of the Douglas–Rachford
(DR) splitting method, which we will discuss in greater
detail in Section 3, is given by

ρ(TDR) =
1
2

(
1 +

1− γjω

1 + γjω
· 1− γ

1 + γ

)
.

For non-small stepsizes (e.g., γ = 0.5), the FB iteration
exhibits non-decaying oscillations with |ρFB| = 1, whereas
DR contracts steadily toward equilibrium with |ρDR| ≈
0.52. As we will see in Section 3, the DR takes advantage
of the affine structure of the problem to split the operator
that defines the VI in a symmetric and non-symmetric
part. This enables the DR to effectively damp rotational
modes, resulting in faster and more stable convergence for
skew-dominated problems.
To demonstrate further effectiveness of the splitting
method in a higher-dimensional VI problem, we refer
readers to the extended version Baghbadorani et al.
(2025) (Fig. A.1), where six widely used algorithms from
the literature are compared.

Motivated by exploiting the structure of linear VIs that
arise from linear-quadratic dynamic games and the DR
splitting to achieve faster convergence, our technical con-
tributions are summarized as follows:

• First, we define a strongly monotone affine VI whose
solution, under some technical assumptions, is an
infinite-horizon open-loop Nash equilibrium for the
linear-quadratic dynamic game. We show that the
solution to the problem is known in closed form when
the initial state lies in a neighborhood of the origin.

• We leverage the linearity of the VI to derive a tailored
iterative solver based on the DR splitting method.
Furthermore, we show linear convergence for the
derived affine VI of OL-NE.

• We adopt the aforementioned splitting method in
computing the control input of a controller based on
the receding-horizon solution to a VI derived from a
linear-quadratic dynamic game. The test scenario is
that of a set of autonomous vehicles, whose objective
is to traverse a crossroad while maintaining a safe
distance and speed.

Notation.

a) Matrices: We denote as In the identity matrix
of size n and as 0n,m the zero matrix of size
n × m. The subscripts are omitted when clear
from context. For a set of matrices of suitable
dimensions indexed in I, (Mi)i∈I , we denote as
col(Mi)i∈I , row(Mi)i∈I ,blkdg(Mi)i∈I its column, row
and diagonal stack, respectively. For a set of ma-
trices of suitable dimensions indexed in I × J , we
denote the block matrix with i, j-th element Mij as
blkmat(Mij)i∈I,j∈J We denote M−⊤ = (M⊤)−1 and
the Kronecker product as ⊗.

b) Euclidean spaces and operators: Let C be the finite-
dimensional real vector space with the standard inner
product ⟨·, ·⟩ Euclidean norm. For x ∈ Rn and Q ≻ 0,

we denote ∥x∥Q =
√

x⊤Qx. The subscript is omitted
when Q = I. We denote as πC the metric projection
onto set C (πC(u) = argminy∈C ∥u − y∥). We define
the normal cone of the set C at the point u ∈ C as
NC(u) = {g : g⊤u ≥ g⊤y, ∀y ∈ C}. An operator
F is L-Lipschitz, if there is L > 0 such that for
all u, y ∈ C we have ∥F (u) − F (y)∥ ≤ L∥u − y∥.
The operator F is (strongly) monotone if ⟨F (u) −
F (y), u − y⟩ ≥ µ∥u − y∥2 for all u, y ∈ C and
some µ ≥ 0(> 0). For a closed set C, we denote its
interior as int(C). We denote the VI problem 1 with
the operator F and set C as VI(C, F ). For an affine
operator F : x 7→ Mx + q, we denote the affine VI
problem AVI(C,M, q) := VI(C, F ).

c) Real sequences: We denote as Sn
T a sequence in Rn

with length T ∈ N ∪ ∞. Let w ∈ Sn
T . We denote

as w[t], with t ∈ {0, ..., T − 1}, its t-th element. If
w : Rm → Sn

T , that is, w(x) is a sequence for all
x ∈ Rm, then we denote as w[t|x] its t-th element.
We treat finite sequences as column vectors, that is,
if w ∈ Sn

T , then w = col(w[t])t∈{0,...,T−1}.
d) Game theory: We consider multi-agent systems, and

we denote as N the number of agents. We denote as
I := {1, ..., N} and as I−i := I \ {i}. We denote in
boldface the column stack over I, e.g.w = col(wi)i∈I .
We add the subscript −i to denote the stack over I−i,
e.g. w = col(wi)i∈I−i

. If wi ∈ SN
∞ for all i ∈ I then,

with slight abuse of notation, we denotew := (wi)i∈I ,
w−i := (wi)i∈I−i

.

2. OPEN-LOOP NASH EQUILIBRIA AS SOLUTIONS
OF A VARIATIONAL INEQUALITY

We consider a linear system with N inputs, each controlled
by a self-interest agent. We denote the sequence of control
inputs of agent i as ui ∈ Sm

∞. The system dynamics is ruled
by the difference equation

x[t+ 1] = Ax[t] +
∑
i∈I

Biui[t]. (2)

We denote as ϕ(t, x0,u) the solution at time t of (2) with
initial state x0 and input u. We consider quadratic stage
costs for all agents:

ℓi(x[t], ui[t]) :=
1
2∥x[t]∥

2
Qi

+ 1
2∥ui[t]∥2Ri

∀t (3)

such that, for all i ∈ I, Qi = C⊤
i Ci ≽ 0, Ri = R⊤

i ≻ 0
and the pairs (A,Bi) and (A,Ci) are stabilizable and
detectable, respectively. Furthermore, we consider linear
time-invariant constraints: define the stage-feasible sets as

Ui(u−i[t]) := {ui[t] :
∑

j∈I Du
j uj [t] + du ≤ 0} (4a)

X := {x[t] : Dxx[t] + dx ≤ 0}, (4b)

and the collective feasible input sequences with length
T ∈ N ∪ {∞} as

UT (x0) := {u : ui[t] ∈ Ui(u−i[t]) ∀i ∈ I, t < T ; (5)

ϕ(t, x0,u) ∈ X ∀t < T}. (6)

We assume that the origin is strictly feasible, that is,



Assumption 1. 0 ∈ int(X); 0 ∈ int(Ui(0)), for all i ∈ I.

Note that, if T is finite, UT (x0) can be expressed as a
system of affine inequalities by substituting (2) in (5) to
eliminate ϕ:

u ∈ UT (x0) ⇐⇒ Du+ d ≤ 0. (7)

We define the (infinite-horizon) Open-Loop Nash equilib-
rium (OL-NE) uOL as an input sequence such that the
infinite-horizon objective

J∞
i (ui,u−i, x0) :=

∞∑
t=0

ℓi
(
ϕ(t, x0,u), ui[t]

)
(8)

cannot be improved by unilateral modifications by any
agent.

Definition 1. (OL-NE). uOL ∈ U∞(x0) is an OL-NE for
the initial state x0 if limt−→∞ ϕ(t, x0,u

OL) = 0 and

J∞
i (uOL

i ,uOL
−i , x0) ≤ J∞

i (ui,u
OL
−i , x0) (9)

for all ui such that (ui,u
OL
−i ) ∈ U∞(x0).

The infinite-horizon problem is in general intractable. In
the remainder of this section, we summarize the results
of our previous work Benenati and Grammatico (2025),
where we identify an affine, finite-dimensional variational
inequality (VI), whose solution are a truncation of the OL-
NE under the following technical assumptions:

Assumption 2. (Monti et al., 2024, Assumption 4.9) A is
invertible and the matrix

H =

A+
∑
j∈I

SjA
−⊤Qj row(−SjA

−⊤)j∈I

col(−A−⊤Qj)j∈I IN ⊗A−⊤

 ,

where Si := BiR
−1
i B⊤

i , has exactly n eigenvalues with
modulus strictly less than 1. An n-dimensional invariant
subspace of H is complementary to

Im

([
0n×Nn

INn

])
.

We define (Pi,Ki)i∈I as the solution to the coupled
algebraic Riccati equations (ARE)

Pi = Qi +A⊤Pi(A+
∑

j∈I BjKj) (10)

Ki = −R−1
i B⊤

i Pi(A+
∑

j∈I BjKj); (11)

such that the feedback gains (Ki)i∈I stabilize the system
in (2). Such solution exists following (Monti et al., 2024,

Theorem 4.10). Furthermore, we define (P̂i, K̂i)i∈I as the
solutions to the (uncoupled) AREs

P̂i = Q̂i + Â⊤
i P̂i(Âi + B̂iK̂i) (12a)

K̂i = −R−1
i B̂⊤

i P̂i(Âi + B̂iK̂i), (12b)

where, for each i

Âi :=

[
A

∑
j ̸=i BjKj

0 A+
∑

j∈I BjKj

]
,

Q̂i := blkdg(Qi, 0n×n),

B̂i := col(Bi, 0n×m),

(13)

such that the feedback gains K̂i stabilize the augmented
system (Âi, B̂i) for each i.
Finally, let us introduce Xf as a forward-invariant,
constraint-admissible set for the dynamics

x[t+ 1] = (A+
∑

j∈I BjKj)x[t].

x+ = Ax+
∑

i∈I Biui

u∗ that solves (20)

xu∗[0]

Fig. 1. Block scheme of the closed-loop dynamics with
receding-horizon open-loop Nash equilibrium con-
troller.

Then, we can find a T -long truncation of an OL-NE
sequence as the solution to the finite-horizon equilibrium
problem

find u∗ ∈ U(x0) such that

∀i : u∗
i ∈ argmin

ui

Ji(ui,u
∗, x0)

s.t. (ui,u
∗
−i) ∈ UT (x0),

(14)

where

Ji(ui,u
∗, x0) :=

∑T−1
t=0

{
ℓ(ϕ(t, x0, ui,u

∗
−i), ui[t])

}
+

1

2

∥∥∥∥[ϕ(T, x0, ui,u
∗
−i)

ϕ(T, x0, u
∗
i ,u

∗
−i)

]∥∥∥∥2
P̂i

(15)

as formalized next:

Lemma 1. (Benenati and Grammatico, 2025, Theorem 1)
Let u∗ solve (14). Let xT := ϕ(T, x0,u

∗) and let xT ∈ Xf .
Then, the sequence defined as

∀i :

{
u∗
i [t] if t < T,

Ki(A+
∑

j BjKj)
t−TxT if t ≥ T

(16)

is an OL-NE for the initial state x0.

We now develop a connection between the solutions to the
problem in (14) and the solutions to a VI. Via straight-
forward calculation, we can find matrices Θ, (Γi)i∈I such
that the dynamics in (2) is rewritten as[

x[1]
...

x[T ]

]
= Θx0 +

∑
i∈I

Γi

[
ui[0]
...

ui[T − 1]

]
. (17)

Then, the partial gradients of the functions in (15) with
respect to the first argument read as[∇1Ji(u1,u, x0)

...
∇1Ji(uN ,u, x0)

]
= Mu+ q, (18)

where

M := blkdg(R̄i)i∈I + blkmat(Γ⊤
i Q̄iΓj)(i,j)∈I2 ,

q := col(Γ⊤
i Q̄iΘx0)i∈I ,

R̄i := IT ⊗Ri, ∀i
Q̄i := blkdg(IT−1 ⊗Qi, Pi), ∀i.

(19)

A sufficient condition for u∗ to solve (14) is that u∗ solves

AVI(UT (x0),M, q). (20)

Lemma 2. (Benenati and Grammatico, 2025, Proposition
2) If u∗ is a solution to the VI in (20), then it is also a
solution to the finite-horizon equilibrium problem in (14).

In Section 3, we leverage the problem reformulation pro-
vided by Lemma 2 to propose a fast solution algorithm
to (20). To further alleviate the computational burden, we
show that the solution to (20) can be computed in closed-
form when the initial state belongs to Xf .



Proposition 1. Let x0 ∈ Xf and M in (19) be such that
M +M⊤ ≻ 0. Let for all i

u∗
i [t] = Ki(A+

∑
i∈I BiKi)

tx0.

Then, the unique solution to the VI in (20) is the sequence

u∗[0], ...,u∗[T − 1].

Proof. From the definition of Xf , u
∗ is strictly feasible. We

proceed by contradiction, and we assume there exists an
input sequence vi such that

Ji(vi,u
∗, x0) < Ji(u

∗
i ,u

∗, x0). (21)

Define the sequences

xv[t] = ϕ(t, x0, vi,u
∗
−i) (22)

x∗[t] = (A+
∑

i∈I BiKi)
tx0 (23)

y[t] =
(
Âi + B̂iK̂i

)t
[
xv[T ]
x∗[T ]

]
(24)

wi[t] = K̂iy[t]. (25)

From the definition of Âi, B̂i, we deduce the structure

y[t] =

[
z[t]
x∗[t]

]
where z satisfies

z[t+ 1] = Az[t] +BiK̂iy[t] +
∑

j ̸=i BjKjx
∗[t] (26)

Note that Kjx
∗[t] = u∗[t], K̂iy[t] = wi[t] and z[0] = xv[T ],

thus we can write

z[t] = ϕ(t, xv[T ], wi,u
∗
−i). (27)

Following (Hespanha, 2018, Theorem 21.1) and the fact

that P̂i, K̂i solve the ARE in (12),

1

2

∥∥∥∥[xv[T ]
x∗[T ]

]∥∥∥∥2
P̂i

=
∑∞

t=0
1
2∥y[t]∥

2
Q̂i

+ 1
2∥wi[t]∥2R̂i

=
∑∞

t=0
1
2∥z[t]∥

2
Qi

+ 1
2∥wi[t]∥2Ri

=
∑∞

t=0 ℓi(z[t], wi[t]),

(28)

where we used the definition of Q̂i, R̂i. Denote for all i

v∞i [t] :=

{
vi[t] if t < T

wi[t− T ] if t ≥ T.
(29)

After substituting (28) in (14),

Ji(vi,u
∗, x0) =

∑T−1
t=0 ℓ(ϕ(t, x0, vi,u

∗
−i), vi[t])

+
∑∞

τ=0 ℓ(z[t], wi[t]).
(30)

We substitute (27) and (29)

Ji(vi,u
∗, x0) =

∑T−1
t=0 ℓ(ϕ(t, x0, vi,u

∗
−i), vi[t]) (31)

+
∑∞

τ=0 ℓ(ϕ(t, x
v[T ], wi,u

∗
−i), wi[t]) (32)

=
∑∞

t=0 ℓ(ϕ(t, x0, v
∞
i ,u∗

−i), v
∞
i [t]) (33)

=J∞
i (v∞i ,u∗

−i, x0), (34)

Similarly, one can show

Ji(u
∗
i ,u

∗, x0) = J∞
i (u∗

i ,u
∗
−i, x0). (35)

Thus, (21) implies

J∞
i (v∞i ,u∗

−i, x0) < J∞
i (u∗

i ,u
∗
−i, x0),

which contradicts the fact that u∗ is an infinite-horizon
OL-NE for the unconstrained system (Benenati and Gram-
matico, 2025, Prop. 1). Therefore, u∗ solves (14). Because
u∗ is a strictly feasible solution, the optimality conditions
of (14) lead to

∇1Ji(u
∗
i ,u

∗, x0) = 0, ∀ i (36)

From (18), we obtain

Mu∗ + q = 0. (37)

From the definition of VI in (1), we conclude that u∗ is a
solution to the problem in (20). The statement follows then
by the uniqueness of the solution (Facchinei and Pang,
2003, Prop. 2.3.2, Th. 2.3.3). 2

With the receding-horizon control application illustrated
in Figure 1, in the remainder of this paper, we explore a
Douglas-Rachford (DR) splitting algorithm that exploits
the linear structure of the VI.

3. ALGORITHM AND CONVERGENCE

In this section, we first present a Douglas-Rachford
splitting-like method for solving an affine variational in-
equality. Then, based on the results from the previous
section, we tailor the proposed algorithm to the affine VI
that defines P2(x0) in (20). To this end, let us consider
a general affine VI problem AVI(C,M, q) and denote with
M1,M2, H matrices such that M = M1 +M2, and

M1 = M⊤
1 ≽ 0, M2 ≻ 0,

H = H⊤ ≻ 0.
(38)

Consider the following Douglas-Rachford splitting-like
method (Eckstein and Ferris, 1998, Eqq. 30, 31) to solve
AVI(C,M, q), k ∈ N:

yk = sol(C, H +M1, q + (M2 −H)uk), (39a)

uk+1 = (H +M2)
−1

(
H(2λky

k + (1− 2λk)u
k) +M2u

k
)
,

(39b)

where sol(C,M, q) denotes the solution to AVI(C,M, q).
At first glance, the iteration in (39) is not effective, as the
step in (39a) requires itself the solution of an affine VI.
However, note that H +M1 is a symmetric operator, dif-
ferently from M . Therefore, the step in (39a) is equivalent
to solving an optimization problem (Facchinei and Pang,
2003, §1.3.1), and specifically a quadratic program (QP) in
the case when C is a polyhedron, which can be solved very
efficiently Stellato et al. (2020). The iteration method in
(39) is well-defined under the condition in (38), as the AVI
in (39a) admits a unique solution, andH+M2 is invertible.
Linear convergence of the iteration in (39) to the solution
of VI(C,M, q) is provided in the following lemma.

Lemma 3. (Linear convergence Eckstein and Ferris (1998)).
The sequence (uk)k∈N generated by the iteration in (39)
converges linearly (Bauschke and Combettes, 2017, Eq.
5.8) to the solution of AVI(C,M, q) where λ ∈ (0, 1],
M = M1 + M2 and M1, M2, and H are matrices chosen
according to (38).

Proof. The result follows directly from Case 2 in (Eckstein
and Ferris, 1998, Proposition 6) and (Eckstein and Ferris,
1998, Proposition 8). 2

We also refer interested readers to Giselsson (2017);
Moursi and Vandenberghe (2019), where the authors pro-
vide different convergence guarantees for different kinds of
splitting in inclusion problems, which can be extended to
solving VI.
We choose H,M1,M2 as follows:



H = (1− γ)(M +M⊤) + εI, (40a)

M1 = γ(M +M⊤), (40b)

M2 = (M −M⊤) + (1− γ)(M +M⊤), (40c)

with γ ∈ (0, 1), and we recall that M is defined in (19).
This splitting choice satisfies the conditions in (38) when
M ≻ 0 and it thus results in a linearly convergent Douglas-
Rachford iteration according to Lemma 3. It is designed so
that, in the particular case M = M⊤ and with the choice
λ = 1

2 , (39) becomes

uk+1 = sol(C, εI +M, q − εuk), (41)

which is equivalent to

uk+1 = argmin
u∈C

1

2
∥u+ (M + εI)−1(q − εuk)∥2M+εI . (42)

The latter, for ε ≈ 0, resembles a full-step towards the
unconstrained solution of (1), namely, −M−1q, projected
onto the constraint set.

4. NUMERICAL EXPERIMENTS

We test the proposed Douglas-Rachford algorithm with
H = I, λk = 0.5 ∀k, and M1, M2 chosen as in (40) on the
receding-horizon control architecture in Figure 1, applied
to the control of autonomous vehicles driving through a
crossroad. The vehicles traverse the intersection in the
sequence of their arrival. Each vehicle aims to maintain a
safe distance from the preceding vehicle intersecting their
path, while matching its velocity. If no preceding vehicle
intersects their path, the agent is called a leading vehicle,
and its objective is to maintain a reference speed. We
denote the set of leading vehicles as L and the preceding
vehicle intersecting the path of i as χ(i). We simulate
N = 15 vehicles, with directions

{NS,ES,WE,NW,WN,WN,WS,NE,

NE,EW,NS,ES,WS,SW,WE}
where NS denotes “from North to South” and so on.
For example: Agent 1 is a leading agent; Agent 2 must
maintain a safe distance from Agent 1 because the paths
NS and ES intersect, thus χ(2) = 1; Agent 4 (NW) must
maintain a safe distance from Agent 1 (NS), because the
path of agent 4 does not intersect with the ones of agents
2,3, thus χ(4) = 1.

p
j
(t
)
−

p
i(
t)

(m
)

10

20

30

(a)

time [sec]
0 5 10 15 20

v
i
(m

/s
)

0

5

10

(b)

Fig. 2. (a): Distance between χ(i) and i. (b): Velocity of
each agent. The dotted lines denote the reference val-
ues, and the red dashed lines denote the constraints.

We define x = col(xi)i∈I , where the state of each vehicle
xi is

xi =


vref − vi if i ∈ L[
pχ(i) − pi − di

vχ(i) − vi

]
if i /∈ L. (43)

In the latter, pi denotes the progress (in meters) of vehicle
i starting from the entrance point to the intersection, di is
the desired distance from χ(i), and vi denotes the speed.
Each vehicle is modelled as a double integrator, discretized
with rate τs = 0.1s. The matrices defining (2) are

A = blkdg(Ai)i∈I , where Ai =


1 if i ∈ L,[
1 τs
0 1

]
if i /∈ L

Bi = col(Bij)j∈I , where

Bij =


[
τ2s /2 τs

]⊤
if i = χ(j)

−
[
τ2s /2 τs

]⊤
if i = j and i /∈ L

−τs if i = j and i ∈ L
01×2 else.

(44)

In order to satisfy the stabilizability assumption, each
agent applies the pre-stabilizing local controller K̄i such
that K̄ix = −0.1 · 1⊤xi.
The constraints include the safety distance and the speed
constraints, as well as an input box constraint:

pχ(i) − pi ≥ dmin, vmin ≤ vi ≤ vmax, umin ≤ ui ≤ umax.

The state and input weight matrices are Qi = In, Ri = 1.
We observe in Figure 2 that all vehicles achieve the de-
sired reference speed and distance, while satisfying the
constraints. An animation of the simulated scenario is
available at https://tinyurl.com/444xr94f, where it is
observed that the vehicles safely complete the maneuver.
At each time-step, we apply the Douglas-Rachford itera-
tion in (39), warm-started at the “shifted” input sequence

ũi = (u∗
i [1], ..., u

∗
i [T − 1],Kix

∗
T ), ∀i ∈ I,

where u∗ is the solution to (20), where the initial state
x0 is substituted with the current state of the system,
and x∗

T = ϕ(T, x[t],u∗(t)). Figures 3 and 4 illustrate
that the proposed method is significantly more compu-
tationally efficient than the Forward-Backward splitting
method Facchinei and Pang (2003) and the ADMM-
inspired method proposed in Min et al. (2025), both in
terms of the number of convergence iterations and the
computational time. We note that the speed-up due to the
warm-start is not available for the ADMM method. This
is because the ADMM algorithm disregards the warm-
start and, as a first step, moves the solution estimate to
the one of a regularized unconstrained game. As shown,
the number of iterations required to converge to the so-
lution decreases with the evolution of the system, and we
speculate that this is due to the system state converging
towards the set Xf , where the warm-start coincides with
the solution to (20), in view of Proposition 1. We consider
that the algorithm has converged when rk ≤ 10−3, where
rk is the natural residual at iteration k of the iterative
method (39) (Facchinei and Pang, 2003, §6.2.1).

https://github.com/bemilio/CDC2025_DR_OLNE/blob/aa6a7633c8d4964b2ec475ff0e964d75041d4d2f/Simulations/vehicle_animation.mp4
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Fig. 3. Number of iterations to achieve convergence of the
VI solution algorithm.
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Fig. 4. Computational time to achieve convergence of the
VI solution algorithm.

5. CONCLUSION

For linear-quadratic dynamic games, an open-loop Nash
equilibrium is the solution to an affine variational in-
equality, if the terminal state belongs to a forward-
invariant, constraint-admissible set for the infinite-horizon
unconstrained Nash equilibrium. The Douglas-Rachford
splitting-like method is particularly suited for this affine
variational inequality application, as it shows a remark-
able convergence speed. Fast convergence to the solution
enables the adoption of receding-horizon game-theoretic
control architectures. Additionally, considering that the
Nash equilibrium is known in closed-form near the equi-
librium attractor of the dynamic game, the computational
effort required to solve the associated VI is further re-
duced by employing an informed warm-start. Future work
will investigate other applications of real-time control for
multi-agent robotic systems based on receding-horizon
variational inequalities.
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